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Gas-Particle Flow in Convergent Nozzles
at High Loading Ratios

GEORGE RUDINGER*
Cornell Aeronautical Laboratory, Buffalo, N. Y.

Nozzle flows of gas-particle mixtures are analyzed for particle loadings for which the particle
volume may not be negligible. Nozzle shapes are such that the particle velocity is a constant
fraction of the gas velocity. The influence of various parameters which enter into the analysis
is discussed. For loading ratios greater than about five, the gas and particle temperatures
remain substantially constant for the entire flow, and the assumption of isothermal flow re-
duces the flow equations to algebraic relationships. Throat conditions then can be obtained
directly without having to compute the entire flow. A procedure is outlined to evaluate the
ranges of the loading ratio for which the assumption of either isothermal flow or of negligible
particle volume keeps errors below a desired level, and it is found that these ranges may over-
lap. An important intermediate range of the loading ratio therefore exists, typically from
about five to fifty, for which both simplifying assumptions are permissible with a resultant
extreme simplification of the relationships.

Nomenclature

a = speed of sound of gas
A = cross-sectional area of nozzle
cp = specific heat of gas at constant pressure
c = specific heat of particles
CD = drag coefficient
D = diameter of particles
F = thrust
g = acceleration of gravity
/sP = specific impulse
K = velocity ratio, Up/Uo
k = thermal conductivity of gas
m = mass flow rate of gas
Nu = Nusselt number
p — pressure
P = dimensionless pressure, p/pr
R = individual gas constant
Re = Reynolds number, poD(uo — up)/n
T = temperature
u = velocity
U = dimensionless velocity, u/ar = $u/oLr
x = distance coordinate
X = dimensionless distance coordinate, l8fj,x/arppD*
a = equilibrium speed of sound in the gas-particle mixture
jS = density ratio in the reservoir, PG.T/PP
-y = ratio of the specific heats of the gas
F = ratio of the specific heats for equilibrium in the gas-particle

mixture, Eq. (20)
5 = specific heat ratio, c/cp
e = volume fraction of the particles
f = ratio of sound speeds, ar/ar
77 = loading ratio
e = dimensionless temperature, T/Tr
fj, = viscosity of gas
p = density

Subscripts and superscripts
G = gas
P = particles
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r = equilibrium reservoir
0 = nozzle inlet
* = throat

I. Introduction

NOZZLE flows of suspensions of small solid particles in a
gas are of great technical importance. Many analyses

have been published which deal with different aspects of such
flows as indicated in reviews of the field.1'2 For prescribed
nozzle configurations, the flow equations have been solved
numerically.3"6 Variations of the nozzle shape led to the
establishment of the conditions for optimum nozzle per-
formance.7'8 General insight into the behavior of the flow
variables was obtained by assuming that the deviations from
equilibrium flow are small enough that the equations may be
linearized.9""11

If suitable assumptions are made for the variations of the
particle velocity along the nozzle, the analytical work can be
greatly simplified.12"17 In particular, the nozzle equations
become formally identical with those for a perfect gas with
modified thermodynamic properties if the ratio of the particle
velocity to the gas velocity is constant (constant-fractional-
lag nozzle).13'14 In this inverse approach, the shape of the
nozzle is implied in the assumption for the particle velocity
and must be determined subsequently by an appropriate
integration. While the assumption of a constant-fractional-
lag nozzle is arbitrary, it leads to nozzle shapes that are similar
to those of actually used nozzles, at least in the vicinity of the
nozzle throat, and experimental observations14-18 yield reason-
able agreement with experimental data. In any case, if the
purpose of the analysis is to gain insight into the behavior of
the flow variables rather than to obtain specific numerical
results, this approach is no more arbitrary than one based on
arbitrarily selected nozzle shapes.

Since the density of the particle material is usually about
three orders of magnitude larger than that of the gas, the
volume fraction occupied by the particles can be neglected as
long as the particle loading is not too high. This condition is
often satisfied, and all the analyses mentioned in the fore-
going are explicitly or implicitly based on the assumption of
a negligible particle volume. If the particle volume can be
neglected, an equilibrium mixture of a perfect gas with solid
particles behaves like a perfect gas with modified thermo-
dynamic properties, but this simplification does not apply if
the particle volume becomes significant. Since the particles
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may be treated as incompressible in comparison with the gas,
the particle volume does not participate in a volume change
of the mixture, and the particle volume fraction becomes an
additional flow variable. Heavily loaded nozzle flows have
been employed to inject a metallic fuel powder into a rocket
combustion chamber.19 Such flows also are of interest for
certain nuclear reactors, for the conveying of particulate ma-
terials, in the chemical mdustr}^ (fluidized beds20) and for
other engineering applications.

The effect of a finite particle volume on the thermodynamic
properties of gas-particle mixtures and on shock waves was
investigated previously.21'22 The present study extends this
work to steady, quasi-one-dimensional nozzle flow. As in the
case of negligible particle volume, an inverse method of as-
suming the particle velocity leads to considerable simplifica-
tions, but the equations still must be solved numerically.
Such calculations indicate that both the gas and the particle
temperatures remain substantially constant if the particle
loading is high enough. A simplified theory based on iso-
thermal flow then reduces the relationships to algebraic equa-
tions.

The limits of validity for the assumption of isothermal flow
can be established by comparing the results with those ob-
tained by numerical integration of the complete system of
equations. This comparison reveals the existence of an
intermediate range of the particle loading that is both high
enough to treat the flow as isothermal and low enough to
neglect the volume of the particles. With the simplifications
that result from both of these assumptions, the solution of the
flow equations can be expressed in an extremely simple form.
The assumption of constant temperature for heavily loaded
flows was postulated previously by Stockel.20 Some of his
relationships are similar to those presented here, but since he
neglected the momentum contribution of the gas phase, his
analysis is not valid at intermediate particle loadings for
which the additional assumption of negligible particle volume
applies.

II. Equations for Steady Nozzle Flow

The analysis will be based on the following usual assump-
tions, except that the particle volume will not be neglected.
1) The gas obeys the perfect-gas law and its specific heats are
constant. 2) The particles are spherical, uniform in size, and
incompressible. Their specific heat is constant, and the tem-
perature is uniform within each particle. The limits of validity
of this assumption are discussed elsewhere.23 3) The particles
are uniformly distributed over the cross section of the nozzle,
and their spacing is small compared with the duct dimensions.
4) The flow is one-dimensional. Boundary-layer effects and
heat exchange with the walls are not considered. 5) The gas
and particle velocity at any cross section represent average
values. A detailed study by Panton24 shows that proper
averaging introduces some correction factors into the equa-
tions if the velocity profiles are not flat. Such refinements,
which would have to be based on assumed velocity profiles,
do not seem warranted at this time. 6) The effect of the par-
ticles on the gas flow appears initially in the wake of the par-
ticles and is then distributed over the entire cross section of
the nozzle by mixing. In view of assumption 3, this mix-
ing involves only a small volume and is assumed to take place
instantaneously. 7) Random motion of the particles does not
contribute to the pressure of the mixture. 8) No mass trans-
fer takes place between the gas and the particles. 9) The
drag coefficient and Nusselt number must be prescribed as
functions of the particle Reynolds number. There exists
considerable uncertainty about the appropriate relation-
ships in the presence of many particles even for negli-
gible volume of the particles,1'2'25 and additional effects of the
particle volume at high loading ratios may also become sig-
nificant.2-26 Most of the present analysis will involve only
the dimensionless group ReCn/Nu which is equal to 12 for

Stokes drag (Co = 24:/Re) and Nu = 2. For single particles,
the value of this group remains practically constant to much
higher Reynolds numbers than those for which either Stokes
drag or a constant Nusselt number apply.27 The validity of
this observation will be assumed for the present study.

Let e denote the volume fraction of the gas-particle mixture
occupied by the particles. The constant flow rate of the gas
in a nozzle is then given by

m = (1 — e)pGuGA (1)

The corresponding equation for the flow rate of the particles is

rjm — eppUpA (2)

The constant ratio of the flow rate of the particles to that of
the gas is denoted by rj and is usually called the loading ratio.

The momentum equation for the entire mixture, which re-
lates the pressure gradient dp/dx to the rate of change of the
momentum flux per unit area of the gas and of the particles,
may be written as

(1 — e)pGUG duG/dx + duP/dx -f- dp/dx = 0 (3)

The energy equation for the entire mixture indicates that the
sum of the kinetic-energy flux and the enthalpy flux for the
gas and the particles remains constant. As shown previ-
ously,21 the enthalpy of the particle phase is given by cTP -f
p/pp. The energy equation in differential form therefore
becomes21-28

uGduG + cpdTG -f- cdTP -f dp/pP) = 0 (4)

The term ydp/pP is of order e relative to the other terms, ac-
cording to Eq. (2), and does not appear in analyses of nozzle
flow with negligible particle volume.

The equation of motion of a particle of diameter D is de-
rived in the Appendix and may be written as

(1 - e)up(duP/dx) = CDl(pG/pP)(uG - (5)

The rate of heat exchange between the gas and the particles
depends on the heat-transfer coefficient which can be expressed
in terms of a Nusselt number by kNu/D. The heat balance
is then given by

= (6kNu/cpPD*)(TG - TP) (6)

The last equation needed is the equation of state for a per-
fect gas

p = pcRT0 (7)

Equations (1-7) completely determine the flow if the inlet
conditions and shape of the nozzle are prescribed. The con-
dition e = 0, which corresponds to setting pP equal to infinity
[except in Eqs. (5) and (6) ] leads to equations identical with
those used in previous investigations.

It will be convenient to introduce dimensionless variables
by using as reference state the conditions in an equilibrium
reservoir in which the mass of the particles equals 77 times that
of the gas. The equilibrium speed of sound in this reservoir
can be expressed as21

(1 + 77) (1 + 7rj8)(l
(8)

With /3 = PG,T/ PP, the particle volume fraction in the reservoir
is given by

€r = fa/(l (9)

As indicated earlier, the present study is based on an in-
verse procedure, that is, the gas velocity will be considered as
the independent variable, and all other variables will be re-
lated to it. The method used is an extension of Kliegel's
analysis for constant-fractional-lag nozzles13'14 to flows with
a finite particle volume. Accordingly, the nozzle is assumed
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Fig. 1 Throat
velocity in constant-
fractional-lag noz-
zles for 7 = 1.4 and

8 = I.

0.2 0.4
VELOCITY LAG 1 - K

to have a shape for which

UP/UG = Up/Uo = K (10)

where K is a constant. The quantity I — K thus indicates
the velocity lag of the particles, and K = I corresponds to
equilibrium flow.

Division of Eq. (6) by Eq. (5) eliminates the position co-
ordinate, and combination with Eq. (10) and introduction of
the particle Reynolds number leads to

ddp/dUG = [(1 - e)K/5(l - K)](00 - 0P)/UG (11)
where ReCv/Nu = 12 (assumption No. 9) and a Prandtl
number jj,cP/k = f have been assumed.

If Eq. (3) in differential form is combined withEqs. (1, 7, 8,
and 10) and expressed in dimensionless variables, one obtains
an equation which may be arranged to

dP/dUG = -7(1

Similarly, Eq. (4) yields

- e)PUG/6G (12)

aUo
deP (7 - l)fry dP
dUG 7 dUo

-!)(! + lK*)Ue (13)

From the derivatives of Eqs. (1) and (2), one obtains with
the aid of Eqs. (7) and (10)

dA
W.

and

1

de/aUG = -

1 dP I dde

(l/A)(dA/dUG)] (15)

It is interesting to note that in KliegePs analysis (e = 0),
the constant velocity ratio K implies that the derivative
ddp/ddG is also constant. In the present analysis, this de-
rivative may be formed from the preceding equations, and it
is not difficult to show that it is constant only if the particle
volume is neglected.

Equations (11-15) form a complete system that can be
solved numerically for the variables dp, P, QG, A, and e.
Such calculations must start from prescribed conditions at
the nozzle inlet which may be arbitrarily selected. One may
assume that the flow originates from the reference reservoir,
but the assumption of equilibrium in the reservoir is incom-
patible with the velocity ratio according to Eq. (10) unless
K • = 1. A transition duct between the reservoir and the
nozzle inlet is therefore implied in which the desired velocity
ratio is established. The inlet area is arbitrarily designated
as AO = 1. If the selected value of UG,O is sufficiently small,
the pressure and temperature may be set equal to the reservoir

value or PO = OG,O = #p,o = 1. The particle velocity is given
by UP,Q = KUG,o. For high loading ratios, the equilibrium
speed of sound in the reservoir may be much smaller than the
speed of sound in the gas phase alone. All calculations are
therefore based on UG,o = O.lf, that is, the inlet gas velocity
is taken as 10% of the equilibrium speed of sound in the
mixture. The inlet value for the particle volume fraction
follows from Eqs. (1, 2, 7, and 10) as

e0 = pTfjPo/(K6G,Q + PriPo) (16)

Integration of the system of Eqs. (12-15), with the selected
starting conditions was based on a Runge-Kutta method for
simultaneous first-order differential equations29 and pro-
gramed for an IBM 7044 computer. It was assumed that the
nozzle discharged into a region of sufficiently low pressure
that the flow would be choked, and the calculations proceeded
until the throat of the nozzle was reached. The throat, where
the derivative dA/dUG vanishes, was found by interpolation
between the two consecutive integration steps for which this
derivative changes sign. Integration was not extended be-
yond the throat. Such results would be questionable because
the particles tend to remain concentrated near the nozzle
axis,3-30 and the assumption of uniform distribution of the
particles over the cross section of the nozzle would then not
be satisfied. Indeed, a comparison of computed and ob-
served flows by Stockel20 yielded good agreement only in the
region upstream of the nozzle throat.

Results obtained in the described manner relate the flow
variables at any point in the nozzle to the gas velocity at that
point. The shape of the nozzle required to produce this flow
involves integration of Eq. (5) for a specified drag coefficient.
For the purpose of finding the effect of neglecting the particle
volume, it appears satisfactory to assume Stokes drag (CD =
24/Re). In dimensionless coordinates, Eq. (5) then becomes

dX/dUG = - e) (17)

which can be integrated together with the previous equations.
It is seen that for e = 0, the gas velocity, and therefore also
the particle velocity, become linear functions of the distance
travelled, a solution that is well known from previous investi-
gations.2'13^16

III. Results of the Numerical Integration

The most important parameters of the analysis are the
loading ratio 77, the velocity ratio K and the density ratio in
the reservoir £, but the specific-heat ratios 7 and <5 also enter
into the calculations. Computations, based on the relation-
ships given in the preceding section, were performed for load-
ing ratios between zero and 1000 and velocity ratios between
0.4 and 1.0. The density ratio 0 was varied between zero,
which corresponds to neglecting the particle volume, and 5 X
10~3; typically, it is near 5 X 10~4.

Calculations for all possible combinations for several values
of each parameter would have been prohibitive, but the influ-
ence of each parameter was explored while keeping the others
fixed at typical values. The effect of varying d between 0.1
and 10 and 7 between 1.1 and 1.67 is found to be insignificant
at a loading ratio of 100. The results presented in the follow-
ing are based on 7 = 1.4 and d = 1.0. At the same loading
ratio, a decrease of /3 from 5 X 10 ~4 to zero results in an in-
crease of the pressure by about 2%, while an increase to 5 X
10 ~~3 leads to a decrease of the pressure by about 12%. The
corresponding effect on the temperature is negligible.

The influence of ft on the velocity is important as shown in
Fig. 1, where the dimensionless throat velocity uG*/ar is
plotted as a function of the velocity lag 1 — K for various
combinations of the loading ratio 77 and density ratio ft. It is
seen that the velocity decreases markedly with increasing
loading ratio and, for a given loading ratio, increases consider-
ably with increasing velocity lag, particularly at higher values
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of 77. The reservoir volume fraction of the particles is deter-
mined by Eq. (9) and is indicated for each curve. For any
value of 77, the particle volume fraction significantly affects
the velocity only when it approaches 5%. For lower values
of er, its effect is too small to be shown in the figure.

In contrast to the wide variations of the gas velocity, the
throat pressure P* is rather insensitive to the choice of the
parameters and always lies between about 0.5 and 0.6. In
some cases, this variation is equal to the effect of neglecting
the particle volume. The relationship between particle
volume and pressure is further discussed in the next section.

Integration of the simultaneous equations given in the pre-
ceding section yields both the cross-sectional area and the
distance along the nozzle axis as function of the gas velocity.
The nozzle shape may therefore be obtained from this para-
metric representation. The results for 77 = 100 and K = 0.6
are shown in Fig. 2 where the ratio of the nozzle diameter to
the throat diameter is plotted as a function of the dimension-
less distance from the throat for various values of cr. As in
the case of the velocity, the effect of the particle volume be-
comes noticeable when it approaches 5%. For er = 0; the
solution becomes identical with Kliegel's solution.14

The specific thrust and impulse of such nozzles may be de-
termined from the computed data. For a discharge into a
vacuum/ the specific thrust may be expressed in dimensionless
variables by

F/A*pr = (18)

The corresponding specific impulse, defined as the ratio of the
thrust to the total weight flow, is given by

7(1 -
(19)

Values of the dimensionless specific impulse are related in Fig.
3 to the velocity lag for several values of the loading ratio and
for ft between zero and 5 X 10 ~4. The corresponding values
of er are indicated in the figure. The impulse decreases
drastically with increasing loading ratio and also decreases
with increasing velocity lag. It is again found that the par-
ticle volume fraction leads to noticeable effects when it ap-
proaches 5%.

The relationship between specific impulse and loading ratio
is shown in Fig. 4 for K = 0.6 and ft • = 5 X 10~4. Also shown
in the figure is the corresponding specific thrust which goes
through a minimum and then increases with increasing load-
ing ratio. This behavior can be qualitatively explained by
noting that the decrease of the discharge velocity with in-
creasing loading ratio is accompanied by a simultaneous in-
crease of the total mass flow. These effects combine to pro-
duce thrust variations of not more than about 5% over the
entire range of the loading ratio, while the dimensionless
specific impulse decreases from about 1.6 for 77 = 0 to about
0.04 for 77 = 1000. The effect of the particle volume is too
small to be shown for the specific impulse. For the thrust, it

< 2

o

Fig. 2 Effect of particle volume on the shape of a con-
stant-fractional-lag nozzle.

Fig. 3 Specific
impulse of constant-
fractional-lag noz-
zles for 7 = 1.4 and
5 = 1. The solid
lines are for /5 • =
5 X 10 ~4 and the
broken lines for

0 = 0.

~ 0.6

i, 0.4

t 0.06o
0.04

e r

o

0.2 0.4
VELOCITY LAG 1 - K

amounts to a few percent at the highest loading ratios, as indi-
cated by the broken line.

In Fig. 5, the throat temperatures are plotted as functions
of the loading ratio for several values of the velocity ratio.
For equilibrium flow, the gas and particle temperatures must,
of course, be equal. The most conspicuous feature of the
numerical results is the small variation of the gas and particle
temperatures for larger loading ratios. It can be seen that
the temperature drop between the reservoir and the nozzle
throat is smaller than 2% if the loading ratio exceeds ten.
Consequently, an approximate analysis of the flow may be
based on the assumption that both the gas and the particle
temperatures are equal and constant throughout the entire
flow. The consequences of this assumption are discussed in
the following section.

IV. Analysis of Isothermal Flow

The small temperature drop at high loading ratios, indi-
cated by Fig. 5, can be explained by considering that the heat
capacity of the particle phase is so large compared with that
of the gas, that the cooling of the gas during the nozzle expan-
sion is compensated by heat transfer from the particles with-
out a significant lowering of the particle temperature. Stoc-
kel20 used this qualitative reasoning to justify his assumption
of isothermal flow, but its limits of validity can be established
only by more precise results, such as those given in Fig. 5.
Stockel also neglected the contribution of the gas to the
momentum of the mixture, that is, the first term on the left-
hand side of Eq. (3); this additional assumption will not be
made here. The assumption of isothermal flow may also be
justified by considering the effective ratio of the specific heats
for an equilibrium gas-particle mixture, which is given by

= 7(1 + + (20)

It is easily demonstrated that, with increasing loading ratio,
the ratio of the specific heats rapidly approaches unity, the
value appropriate for isothermal flow.

The assumption of isothermal flow eliminates the two vari-
ables TG and TP since TQ = TP = Tr, or 0<? = 0P = 1. As a

10 100
LOADING RATIO 7?

Fig. 4 Specific thrust and impulse of a constant-frac-
tional-lag nozzle.
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Fig. 5 Gas and particle temperatures at the throat of
constant-fractional-lag nozzles.

consequence, Eqs. (4) and (11) are no longer required. Note
that it is not permissible to omit the temperature terms in
Eq. (4) and use the equation formed by the remaining terms,
since the assumption of isothermal flow is a consequence of
the kinetic energy terms being small compared with the en-
thalpy terms.

For isothermal flow, Eqs. (1, 2, 7, and 10) yield a relation-
ship between the particle volume fraction and the pressure
which may be written in the form of a conservation equation

(1 - e)P/e = (1 - 60)Po/€o = K/fa (21)

If Eqs. (1) and (10) are substituted into the differential
form of Eq. (3), pG is replaced by p/RTr from Eq. (7), and e
is eliminated by using Eq. (21), one obtains, in dimensionless
form,

T(l + r)K)UGdUG + (1 + (3rjP/K)dP/P = 0 (22)

Integration of this equation yields

2
G ~ G'Q 7(1 + yK)

(23)

where /3rj/K has been expressed in terms of e0 and P0 from
Eq. (21). The integration constant is determined by the pre-
scribed variables UG,Q, P0, and c0. Combination of Eqs. (1)
and (7) yields

(1 - e)PUGA = const (24)

and, if (1 — e) is eliminated with the help of Eq. (21), leads to

A/A, = eQUGt()/eUG ' (25)

The entire nozzle flow can therefore be computed if the
inlet conditions are prescribed. It is most convenient to
select the pressure as the independent variable, because only
simple algebraic relationships then have to be evaluated.

Conditions at the nozzle throat also can be readily obtained.
The logarithmic derivatives of Eqs. (23) and (24) with dA/A

7 = 1.4. 5 = 1.0, K = 0.6, (3=5 x 10

10 100
LOADING RATIO T\

Fig. 6 Comparison of approximate results derived for
isothermal flow and exact results obtained by integration

of the complete equations.

= 0 yield, after combination with Eq. (21), the condition

dUG/UG* + [K/(K+ /3rjP*)]dP/P* = 0 (26)
which is valid only at the throat, as indicated by asterisks.
Division of Eq. (22), which is valid everywhere, by Eq. (26)
leads to relationships between the throat velocity and the
throat pressure or the particle volume fraction

(27)
- €*J*

where /3rj/K has been eliminated by means of Eq. (21). If
this equation is substituted into Eq. (23), one obtains a
transcendental equation for the throat pressure

2 In
P*
Po 1 - en Po ~ co

7(1

P* =

Po

- 1 +
1 - eo

(28)

which can be solved numerically for prescribed values of P0,
UG.OJ and CQ. The other throat variables then follow from
Eqs. (21) and (27). Throat conditions are therefore ob-
tainable directly without integration of the flow equations
along the entire nozzle. The nozzle shape would have to be
determined by integration of Eq. (5) as before, or if Stokes
drag is assumed, by integration of Eq. (17).

Inspection of the preceding equations reveals that consider-
able further simplifications would result if the particle volume
fraction could be neglected (ft = e = 0). In particular, the
throat conditions would then be described by

2 ln(P*/Po) - 7(1 + r,K)UG,o* - 1 (29)

UG* = 1/7(1 + rjK) (30)
and

A*/Ao = UaiQP0/UG*P* (31)
It is especially noteworthy that the value of UG* is inde-

pendent of the inlet conditions of the nozzle. If the inlet
velocity is low enough that the first term on the right-hand
side of Eq. (29) can be neglected, then P0 becomes approxi-
mately equal to unity, and the throat pressure ratio becomes
simply P* = e~1/2 = 0.6065.

It remains to establish the range of validity of the iso-
thermal-flow solution and to see whether or not there exists a
significant range of the loading ratio for which both isothermal
flow and a negligible particle volume fraction may be assumed.
This question may be answered by comparing results based on
these assumptions with "exact" data obtained by numerical
integration of the complete equations. Such a comparison is
shown in Fig. 6 for the gas velocity, pressure, and cross-sec-
tional area at the throat as a function of the loading ratio for
K = 0.6 and /3 = 5 X 10"4. The corresponding values of the
particle volume fraction under reservoir conditions are also
indicated. The solid curves are based on the equations which
contain the e-terms, and it can be seen that practically perfect
agreement with the "exact" data is approached at higher
loading ratios. If the e-terms are neglected, the results devi-
ate from "exact" data as indicated by the broken lines.
Nevertheless, there exists a range of the loading ratio, roughly
from 5 to 50, for which the errors are smaller than about 3%.
The errors increase for higher loading ratios because the
effects of the particle volume fraction should not be neglected,
and for lower loading ratios because the assumption of iso-
thermal flow becomes unsatisfactory.

For a desired accuracy of the results, the lower limit of the
loading ratio for which the assumption of isothermal flow is
permissible may be estimated from the relationship between
pressure and temperature for an equilibrium (isentropic)
flow21

P* = (32)
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For small temperature changes, this equation yields

r/(r - i) = o.3935/(i - o*) (33)

For any prescribed temperature change 1 — 6* which is to be
considered negligible, the maximum value of T then follows,
and Eq. (20) yields the corresponding lower limit of the load-
ing ratio. The upper limit, above which the particle volume
should not be neglected, can be obtained from the equations
derived for isothermal flow.

V. Conclusions

The presented analysis is based on nozzles for which the
particle velocity is a constant fraction of the gas velocity
along the entire nozzle. The shape of the nozzle is implied in
this assumption and must be determined together with the
other flow variables. Numerical solutions of the flow equa-
tions are used to assess the influence of the various parameters
which enter into the analysis. It is found that the specific
heats of the gas and of the particles have only an insignificant
effect on the results. Increase of the particle loading causes
a large reduction of the exhaust velocity from the nozzle
which decreases with increasing velocity lag of the particles.
In contrast, pressure and temperature are affected to a much
lesser extent. Allowing for the particle volume influences the
results only when it exceeds about 5%.

Of particular interest is the observation that the gas and
particle temperatures remain practically constant along the
entire nozzle if the particle loading is high enough, that is, if
the heat content of the particles is so large that cooling of the
gas during nozzle expansion can be compensated by heat
transfer from the particles without a significant temperature
change. If the assumption of isothermal flow is made, the
differential flow equations can be reduced to algebraic equa-
tions.

This theory can be further simplified if the particle volume
is neglected, and numerical results reveal the unexpected
existence of an appreciable intermediate range of the particle
loading for which both isothermal flow and negligible particle
volume may be assumed. The loading ratio for which these
conditions hold depends on the properties of the mixture and
the allowable errors. Typically, it lies between about 5 and
50 for errors of about 3%. The errors become larger at lower
loading ratios because the flow is no longer isothermal and at
higher loading ratios because the effect of the particle volume
becomes significant. A procedure is outlined which may be
used for specific constituents of the mixture to determine the
range of the loading ratio for which the errors remain below
a specific level.

The errors which result from the assumption of isothermal
flow do not become very large even for small loading ratios.
For the example shown in Fig. 6, the maximum error of the
throat velocity approaches only 7.5% as the loading ratio
approaches zero, while it reaches 16% for the throat pressure
and 12.5% for the throat area. The corresponding error of
the gas temperature is 16% while that of the particle tem-
perature is only about 7%, as indicated by Fig. 5. In view
of the extreme simplicity of the equations, an analysis based
on isothermal flow and negligible particle volume may there-
fore be useful even for low particle loading if high accuracy is
not needed.

The specific thrust of a nozzle which discharges a gas-parti-
cle mixture into a low-pressure region varies by only a few
percent over the entire range of the loading ratio, because the
reduction of the exit velocity caused by the particles is ap-
proximately compensated by the increase of the total mass
flow. In contrast, the specific impulse decreases drastically
with increasing particle loading. These findings are not
greatly affected by consideration of the particle volume.

In general, the throat conditions for a nonequilibrium flow
can be obtained only by computing the entire flow from the

nozzle inlet to the throat, because the maximum flow rate
that can pass through a given throat cannot be prescribed
beforehand. Some iteration, involving either the flow rate
or the throat area, is then needed to compute the throat con-
ditions. The possibility of obtaining the throat conditions
directly without having to compute the entire flow is thus a
distinct advantage of the presented approximate theory.
This convenient feature is a consequence of the constant veloc-
ity ratio but requires, in addition, that either the particle
volume can be neglected, or that the flow can be considered as
isothermal.

Appendix: Equation of Motion for a Particle
in a Gas-Particle Mixture

A single particle moving under the influence of the sur-
rounding gas is affected by viscous drag, the pressure gradient
in the gas, and forces that result from the continuous adjust-
ment of the gas flow around the particle. Usually, the density
of the gas is so small compared with that of the particle that
only the viscous drag is important.31'32 If many particles are
present, one must distinguish between terms in the equations
that are of the order of the density ratio PG/PP and those of
the order of the particle volume fraction e. These two quan-
tities are not independent of each other but are related by e =
("npo/pp)/(K + ri PG/PP)- according to Eqs. (1), (2), and (10).
While terms of order PG/PP, or 6/77, can be neglected for the
same reasons as in the case of single particles, terms of order e
may become important at sufficiently high loading ratios.
Panton24 discussed also possible contributions of statistical
fluctuations of the particle motion including a Reynolds stress
which, in the absence of further knowledge, will not be con-
sidered. (Experimental determinations of drag coefficients
for shock-tube flows have been qualitatively explained by
assuming fluctuations in the particle motion.25)

In view of the foregoing, the equation of motion for a par-
ticle in a gas-particle mixture can be written as

duP 1
—— = CD — PG(UG - -r-r- (Al)

and substitution for the pressure gradient from Eq. (3) yields

uP
{ UP _ r 3_ PG (UG — '

dx ~ LD 4 OP D ^ (A2)

where terms of the order PG/PP have been neglected as before, f
The first term represents the dominating viscous drag, while
the contribution of the pressure gradient is of the nature of a
relatively small correction term. For small loading ratios,
the particle volume fraction is negligible, and the entire
second term may be omitted. Equation (5) then results if
the second term is combined with the term on the left-hand
side of the equation. Since terms of order PG/PP have been
neglected, this result becomes doubtful under unusual condi-
tions such as extremely high pressures (large pG) or hollow
particles (small pp).
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